Abstract. We characterize the small k-linear (k algebraically closed) Karoubi categories of which the category of finitely presented representations are abelian and satisfy Serre duality. Furthermore, we show that those categories whose category of finitely presented representations is hereditary are classified by so called thread quivers.
Introduction
It was shown in [6] that every k-linear (where k is an algebraically closed field) abelian noetherian hereditary category with Serre duality which is generated by preprojective objects is derived equivalent to the category rep Q of finitely presented representations of a strongly locally finite quiver (i.e. a quiver where the indecomposable projective and injective representations have finite length).
In [5] we wish to remove the noetherian condition. It was shown in [15] that in this more general case, the abelian categories under consideration cannot be derived equivalent to a noetherian category such as rep Q. In order to accommodate these larger nonnoetherian categories, we need to generalize our notion of a quiver to a suitable category a, where "suitable" means that the category mod a of finitely presented modules is abelian, hereditary, and has Serre duality. It turns out that these categories can be classified by thread quivers (see Theorem 1.2 below).
In this way, we contribute to the study of dualizing k-varieties (introduced in [2] ) and we expand upon the results of [16] .
Before stating our results, we will give some definitions. A finite k-variety is a Hom-finite additive category a where idempotents split. The functors a(−, A) and a(A, −)
* from a to mod k will be called standard projective representations and standard injective representations, respectively. We will write mod a for the category of contravariant functors a → mod k which are finitely presentable by standard projectives. We will say a finite k-variety a is dualizing if and only if (Proposition 4.1) a has pseudokernels and pseudocokernels (thus mod a and mod a
• are abelian, where a • is the dual category of a), every standard projective object is cofinitely generated by standard injectives, and every standard injective object is finitely generated by standard projectives.
A finite k-variety a is called semi-hereditary if and only if the category mod a is abelian and hereditary. It has been shown (see Proposition 3.1) that a is semi-hereditary if and only if every full (preadditive) subcategory with finitely many elements is semi-hereditary.
Let a be a finite k-variety. The following theorem (Theorem 4.7) shows that mod aa is an abelian and hereditary category with Serre duality if and only if a is a semi-hereditary dualizing (finite) k-varieties. Theorem 1.1. Let a be a finite k-variety. The following are equivalent:
(1) mod a is abelian and has Serre duality, (2) a is a dualizing k-variety and every object of mod a has finite projective and finite injective dimension.
Intuitively, a semi-hereditary dualizing k-variety can be seen as the free k-linear path category kQ of a strongly locally finite quiver k without relations, but where some arrows are replaced by infinite locally discrete (= without accumulation points) linearly ordered posets. To accommodate this extra information, we will introduce thread quivers.
A thread quiver consists of the following information:
• A quiver Q = (Q 0 , Q 1 ) where Q 0 is the set of vertices and Q 1 is the set of arrows.
• A decomposition Q 1 = Q s Q t . Arrows in Q s will be called standard arrows, while arrows in Q t will be referred to as thread arrows.
• With every thread arrow t, there is an associated linearly ordered set P t , possibly empty.
With every thread arrow t : x
Pt / / y in Q we associate a locally discrete (= there are no accumulation points) linearly ordered poset L t with a minimal and a maximal element: namely L t = N · (P t → × Z) · −N, where A · B means "first A, then B" and P t → × Z is the poset P t × Z with the lexicographical ordering (see Figure 1) .
The poset L t is interpreted as a category in the usual sense, and kL t will denote the k-linearized category.
To recuperate the semi-hereditary dualizing k-variety from the thread quiver Q, we need to replace the thread arrows by the corresponding linearly ordered posets. Since is cumbersome -albeit possible-to do this "by hand," we will prefer a more global approach: by a 2-pushout.
For a thread quiver Q, denote by Q r the underlying "regular" quiver, thus where all the thread arrows are regular (and unlabeled) arrows. By kQ r we will denote the normal k-linear additive path category of Q r .
With every thread arrow t : x t
Pt / / y t of Q, there is an associated functor k(x t → y t ) → kQ r and a functor k(x t → y t ) −→ kL t where L t = N · (P t → × Z) · −N as above. The semi-hereditary dualizing k-variety kQ is then defined as a 2-pushout of
f / / g kQ r t∈Qt kL t effectively replacing the thread arrows in Q by the required linearly ordered posets. The classification of semi-hereditary dualizing k-varieties is then given by the following theorem (Theorem 7.18 in the text). A thread quiver Q will be called strongly locally finite if and only if the underlying quiver Q r is strongly locally finite (i.e. the indecomposable projective and injective representations have finite dimension as k-vector spaces).
Theorem 1.2. Every semi-hereditary dualizing k-variety is equivalent to a category kQ where Q is a strongly locally finite thread quiver.
An added advantage of the construction of kQ as a 2-pushout is that we gain the following description of the category rep k Q = mod kQ: the objects of the category rep Q are given by the following data (1) a finitely presented representation N (−) : kQ r → mod k of kQ r , (2) for every thread t, a finitely presented representation
. The morphisms are given by the modifications, thus given the data (N, {L t } t , α) and (N ′ , {L
such that the following diagram commutes.
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2. Preliminaries 2.1. Notations and conventions. Throughout, we will always assume that k is an algebraically closed field. All considered categories will be assumed to be k-linear unless explicitly mentioned. We will fix a Grothendieck universe U. All categories are assumed to be U-categories, i.e. all Hom-sets lie in U. We will say that a category is small when the objects form a set in U, and is skeletally small when the isomorphism classes form a set in U.
When P 1 , ≤ 1 and P 2 , ≤ 2 are posets, we will denote by P 1 · P 2 , ≤ the poset with underlying set P 1 P 2 and with a partial ordering ≤ given by
a, b ∈ P 1 and a ≤ 1 b a, b ∈ P 2 and a ≤ 2 b a ∈ P 1 and b ∈ P 2
If P 1 , ≤ 1 and P 2 , ≤ 2 are posets, we will write P 1 → × P 2 , ≤ for the partially ordered set with underlying set P 1 × P 2 endowed with the lexicographical ordering.
When writing a poset we will usually repress the partial ordering, thus writing P instead of P, ≤. We will always interpret a poset as a small category in the usual way.
Let C be a Krull-Schmidt category. By ind C we will denote a set of chosen representatives of isomorphism classes of indecomposable objects of C. If C ′ is a Krull-Schmidt subcategory of C, we will assume ind C ′ ⊆ ind C. 2.2. Serre duality. Let C be a Hom-finite triangulated k-linear category. A Serre functor [7] on C is an additive auto-equivalence S : C → C such that for every X, Y ∈ Ob C there are isomorphisms Hom(X, Y ) ∼ = Hom(Y, SX) * natural in X and Y , and where (−)
* is the vector-space dual. We will say C has Serre duality if C admits a Serre functor. An abelian category A is said to satisfy Serre duality when the bounded derived category D b A has Serre duality.
2.3. 2-categories and 2-colimits. We will give a brief overview of the notation and terminology of 2-categories we will use. Our main references are [8, 18] . Let Cat be the 1-category of all small categories, thus the objects are given by small categories and the morphisms by functors. A (strict) 2-category is a category enriched over Cat, also called a Cat-category (see [9, 13] ). Our main example will be kAdCat, the 2-category of all small k-linear additive categories:
• the 0-cells are given by small k-linear additive categories,
• the 1-cells are the k-linear functors,
• the 2-cells are natural transformations. Composition of 1-cells are denoted by •. Following [14, 18] we will write • for vertical composition of 2-cells and • for horizontal composition. We have the following equation
We proceed to define a 2-colimit over a 2-functor.
Definition 2.1. Let I be a small 1-category. A (strict) 2-functor a : I → kAdCat is given by the following data:
(1) a 0-cell a(i) of kAdCat for every i ∈ Ob I, and (2) a 1-cell a(s) : a(i) → a(j) of kCat for every morphism s : i → j in I. such that a(1 i ) = 1 a(i) for all i ∈ Ob I and a(t • s) = a(t) • a(s) for all composable morphisms s, t ∈ Ob I. Remark 2.2. A (strict) 2-functor is just a functor from I to the underlying 1-category of kAdCat. Example 2.3. For every object C of kAdCat, there is a 2-functor C : I → kAdCat sending every object of I to C and sending every morphism of C to the identity on C. Definition 2.4. Let a, b : I → kAdCat be two 2-functors. A 2-natural transformation f : a → b between 2 diagrams consists of the following data:
(1) a 1-cell f i : a(i) → b(i) of kAdCat for every i ∈ Ob I, and (2) a natural equivalence θ Definition 2.6. The diagrams, 2-natural transformations, and modifications form a (strict) 2-category called 2F (I, kAdCat).
We can now give the definition of a 2-colimit.
Definition 2.7. Let a : I → kAdCat be a 2-functor. We say a admits a 2-colimit if and only if there exist (1) a k-linear additive category 2 colim a, and (2) a 2-natural transformation σ : a → 2 colim a, such that for every category C the functor
is an equivalence of categories.
Remark 2.8. The fact that (− • σ) is fully faithful can be restated as follows: Let f, g : a → C be 2-natural transformation and let Λ : f → g be a modification. Let f, g : 2 colim a → C be two functors corresponding with f and g, respectively. Then there is a unique natural transformation α : f → g such that the following diagram commutes.
We One may construct this 2-colimit as follows. We start by constructing a category I a. We set
Ob a(i).
The composition is defined as (t, g) • (s, f ) = (t • s, g • a(t)(f )). Note that for every i ∈ Ob I there is a natural functor a(i) → I a. We consider the set SS of morphisms of I a given by
It is then shown that I a [SS −1 ] together with the canonical functors a(i)
Free categories.
A quiver Q is a pair (Q 0 , Q 1 ) consisting of a small set Q 0 of vertices and a small set Q 1 of arrows between the vertices such that between two elements of Q 0 , the set of arrows is a small set. Note that we allow multiple arrows and loops. A map f : Q → Q ′ between quivers consists of a map f 0 : Q 0 → Q ′ 0 of objects and a map f 1 :
We will say a quiver is finite if both Q 0 and Q 1 are finite. A quiver Q is locally finite if every vertex is incident to only a finite number of arrows and Q is said to be strongly locally finite if it is locally finite and has no infinite paths of the form
Equivalently, a quiver is strongly locally finite if and only if all indecomposable projective and injective representations have finite length.
A commutativity condition on a quiver is a pair of oriented paths, both starting in the same vertex and ending in the same vertex.
We write CondQuiver for the category whose objects are given by quivers with a set of commutativity conditions and whose morphisms of are given by morphisms of quivers Q → Q ′ mapping a commutativity condition of Q to a commutativity condition of Q ′ . Let Cat be the strict 1-category of small categories and functors. There is an obvious (faithful) forgetful functor Cat → CondQuiver admitting a left adjoint Free : CondQuiver → Cat (see [8, Proposition 5.1.6] ). For a quiver Q, the category Free Q is called the free category or the path category of Q.
Let kCat be the 2-category of k-linear categories, k-linear functors, and k-linear natural transformations. There is an obvious forgetful 2-functor kCat → Cat forgetting the k-linear structure. This functor admits a left adjoint Cat → kCat ([9, 13]).
The embedding 2-functor kAdCat → kCat from the 2-category of small k-linear additive categories to the 2-category of small k-linear categories also has a left adjoint kCat → kAdCat given by formally adding biproducts.
Thus the forgetful 1-functor kAdCat → CondQuiver has a left adjoint. With a slight abuse of notation, we will write this left adjoint as k : CondQuiver → kAdCat, thus if Q is a quiver, kQ is a k-linear additive category.
2.5.
Representations of preadditive categories. Let a be a small preadditive category. A right a-module is a contravariant functor from a to Mod k, the category of all vector spaces. The category of all right a modules is denoted by Mod a.
If f : a → b is a functor between small pre-additive categories then there is an obvious restriction functor
which sends N to N • f . This restriction functor has a left adjoint
which is the right exact functor which sends the projective generators a(−, A) in Mod(a) to b(−, f (A)) in Mod(b). As usual if f is fully faithful we have (b ⊗ a N ) a = N . Let M be in Mod(a). We will say that M is finitely generated if M is a quotient of finitely generated projectives. We say that M is finitely presented if M has a presentation
where P, Q are finitely generated projectives. It is easy to see that these notions coincides with the ordinary categorical ones. The full subcategory Mod a spanned by the finitely presented modules will be denoted by mod a. If mod a is an abelian category, we will say a is coherent.
Dually we will say that M is cofinitely generated if it is contained in a cofinitely generated injective. Cofinitely presented is defined in a similar way.
The categorical interpretation of the latter notions is somewhat less clear. However if a is Homfinite then both finitely and cofinitely presented representations correspond to each other under duality (exchanging a and a • ). It is well-known that a is coherent if and only if it has pseudokernels, i.e. if for every morphism A → B in a there is a morphism K → A such that
is exact. Pseudocokernels are defined in a dual way.
With every object A of a, we may associate a standard projective a(−, A) and a standard injective a(A, −) * . It is clear that every finitely generated projective is a direct summand of a standard projective. If a has finite direct sums and idempotents split in a, then every finitely generated projective is isomorphic to a standard projective. Dual notions hold for injective objects.
We will say a map A → B in a is a radical morphism if there are no maps X → A and B → X such that the composition
is an isomorphism, where X is not zero. The set of all radical maps in a(A, B) is denoted by rad(A, B); it is a subspace of a(A, B).
With an indecomposable object A ∈ ind a, we may associate in a straightforward way the standard simple object S A as a(−, A)/ rad(−, A).
Preadditive semi-hereditary categories
We say that a small preadditive category a is semi-hereditary if the finitely presented objects mod(a) in Mod(a) form an abelian and hereditary category. The following proposition ( [17] , see also [3, Theorem 1.6]) makes it easy to recognize semi-hereditary categories in examples. Proof. Let M ∈ mod(b) and consider a projective resolution 0
Assume K is non-zero. Since K is a direct summand of c ⊗ b P 1 we obtain a non-zero map c ⊗ b P 1 → K and hence a non-zero map ⊕ 
Dualizing k-varieties
We recall some definitions from [1, 2] . A Hom-finite additive k-linear category where idempotents split is called a finite k-variety. Such a finite k-variety is always Krull-Schmidt.
Denote by Mod lfd a the abelian category of locally finite dimensional right a-modules, thus the full subcategory of Mod a spanned by all contravariant functors from a to mod k. Note that an additive k-linear category where idempotents split is a finite k-variety if and only if every standard projective and standard injective lies in Mod lfd a.
Let a be a finite k-variety. There is a duality D :
If this functor induces a duality D : mod a → mod a • by restricting to the finitely presented objects in Mod lfd a, then we will say that a is a dualizing k-variety.
The following theorem is a reformulation of [2, Theorem 2.4].
Proposition 4.1. Let a be a finite k-variety, then a is a dualizing k-variety if and only if (1) a has pseudokernels and pseudocokernels, and (2) every standard projective is cofinitely presented and every standard injective is finitely presented.
Proof. Assume a is a dualizing k-variety, so that there is a duality D : mod a → mod a • . Since mod a
• is a right exact subcategory of Mod lfd a • , we know that mod a is a left exact subcategory of Mod lfd a. Hence mod a is closed under kernels and we deduce that a has pseudokernels. Likewise, one shows that a
• has pseudokernels or, dually, that a has pseudocokernels. Let I be a standard injective in Mod lfd a, so that DI is a standard projective in Mod lfd a
• . We then know that DI ∈ Ob mod a
• and thus by duality I ∈ Ob mod a so that I is finitely presented.
Let P be a standard projective in mod a. Since D induces a duality between mod a and mod a • , we know that DP is an object in mod a
• , hence finitely presented. Taking the vector space dual of a projective resolution in mod a
• yields an injective resolution in mod a. We obtain that P is cofinitely presented.
For the other direction, let X ∈ mod a • . Since X is finitely presented, the dual DX ∈ Mod lfd a is cofinitely presented, thus there is an exact sequence
in Mod lfd a. By assumption a has pseudokernels such that mod a is an exact subcategory of Mod lfd a. It now follows that DX ∈ mod a so that the functor D : Mod lfd a
• → Mod lfd a restricts to a functor D : mod a
• → mod a. Similarly, one shows that there is a functor D : mod a → mod a
• and since D 2 ∼ = 1, these are equivalences. This shows that a is a dualizing k-variety.
Remark 4.2. It follows from the proof of Proposition 4.1 that every object in the abelian category mod a has a resolution by objects of P and a resolution by objects of I.
Remark 4.3. If a is a dualizing k-variety, then both mod a and mod a
• are abelian.
Observation 4.4.
(1) If Q is a strongly locally finite quiver (i.e. all the standard projectives are finitely generated and all the standard injectives are cofinitely generated) then the k-linear path category kQ of Q is a semi-hereditary dualizing k-variety.
(2) Let a be a dualizing k-variety, then mod a is also a dualizing k-variety ([2, Proposition 2.6]). (3) Let a be a triangulated finite k-variety with Serre duality, then a is a dualizing k-variety.
The pseudokernels and pseudocokernels are given by the cones, and Serre duality shows that the category of standard injectives and the category of standard projectives are equivalent. (Moreover, a triangulated finite k-variety is a dualizing k-variety if and only if it satisfies Serre duality [12, Proposition 2.11]) (4) It follows from [4] that any functorially finite full subcategory b of a dualizing subcategory a is again dualizing. This is the case when, for example, the full embedding b → a admits a left and a right adjoint (cf. Proposition 5.1).
Example 4.5. Let A 2 be the quiver · → ·, then the categories kA 2 , mod kA 2 , and D b mod kA 2 are dualizing k-varieties. Example 4.6. The category coh P 1 is not a dualizing k-variety since the standard projective module Hom(−, O P 1 ) ∈ mod(coh P 1 ) is not cofinitely generated. However, D b coh P 1 has Serre duality and is thus a dualizing k-variety. (1) mod a is abelian and has Serre duality, (2) a is a dualizing k-variety and every object of mod a has finite projective and finite injective dimension.
Proof. We denote by P and I the full additive subcategories of Mod a generated by the standard projectives and standard injectives, respectively. First, assume a is a dualizing k-variety and every object of mod a has finite projective and finite injective dimension. In this case, the canonical embeddings
be the equivalence induced by the Nakayama functor P → I given by sending a(−, A) to a(A, −) * . We define an autoequivalence S :
Every X, Y ∈ D b mod a correspond to bounded complexes of projectives in K b P and in order to show S is a Serre functor we may reduce to the case where X ∼ = a(−, A) and Y ∼ = a(−, B). The required isomorphism Hom(a(−, A), a(−, B)) ∼ = Hom(a(−, B), a(A, −) * ) * follows from the Yoneda lemma.
For the other direction, we assume mod a is abelian and has Serre duality. For A, B ∈ Ob mod a, we have Ext
* such that Ext i (A, −) can only be nonzero for finitely many i's. This shows that every object has finite projective dimension. Likewise one shows every object has finite injective dimension.
Since every object of mod a has a finite projective resolution, the natural embedding
There is an equivalence i :
where S is a Serre functor on D b mod a. Since the isomorphisms
are natural in A, B ∈ Ob a, the Yoneda lemma implies that i :
mod a is naturally equivalent to the canonical embedding. This shows that every object of D b mod a has a finite resolution by standard injectives.
Since mod a is abelian, a has pseudokernels. The canonical embedding
Mod lfd a induces an equivalence with D b mod a, and thus a has pseudocokernels. Proposition 4.1 yields that a is a dualizing k-variety.
Corollary 4.8. Let a be a finite k-variety. The category mod a is abelian, hereditary, and has Serre duality if and only if a is a semi-hereditary dualizing k-variety.
Remark 4.9. The following example shows that there are dualizing k-varieties a such that mod a has infinite global dimension but mod a still has Serre duality.
Example 4.10. Let Q be an A ∞ quiver with zig-zag orientation where every zig has one more arrow than the preceding zag, labeled as in Figure 2 . We define a relation on Q by requiring the composition of any two arrows to be zero. The associated additive category b is a dualizing kvariety by Proposition 4.1. Since every object of mod b has finite projective dimension, Theorem 4.7 yields that mod b has Serre duality. However, denoting by S(v) the simple representation associated with the vertex v ∈ Q, we see that the projective dimension of S(a i i ) is i so that the global dimension of mod b is infinite. 
We will say a finite k-variety a is locally finite and locally discrete if every indecomposable object A of a admits a right almost split map A → M and a left almost split map N → A.
Example 4.14. Let Q be a finite quiver. The path category kQ is locally discrete and locally finite.
Example 4.15. Let P be the poset N · {+∞}. We may draw the Auslander-Reiten quiver of kP as 0 / / 1 / / 2 / / 3 +∞ It is clear that kP is not locally discrete since there is no left almost split map N → (+∞). Not that +∞ is an accumulation point of P.
We now give an equivalent formulation of these properties. Proof. Assume a is locally finite and locally discrete. For an indecomposable A ∈ ind a, let N → A be a left almost split map which gives rise to a map in mod a a(−, N ) −→ a(−, A).
of which the cokernel is the standard simple S A . Dually, one shows all standard simples are cofinitely presented.
Next, assume all standard simples are finitely and cofinitely presented. We prove that every indecomposable A ∈ ind a admits a left almost split map N → A, for a certain object N ∈ Ob a.
Consider a presentation of S
We may write the projective Q as a(−, N ) and, since S A ∼ = a(−, A)/ rad a(−, A), the induced map N → A is left almost split. Dually, one proves a A admits a right almost split map A → M .
For the last part, let a be a dualizing k-variety and let A ∈ Ob a be an indecomposable object. Denote by S A ∈ Ob Mod lfd a the associated standard simple representation. We know there is an epimorphism a(−, A) → S A in Mod lfd a and, since DS A is a simple object in Mod lfd a, there is an epimorphism a(A, −) → DS A in Mod lfd a
• . Applying D yields that S A is the image of a map f : a(−, A) → a(A, −)
* . Proposition 4.1 yields that ker f ∈ mod a. There is now a short exact sequence 0 → K → a(−, A) → S A → 0 which shows S A ∈ Ob mod a. 
(Co)reflective subvarieties
Recall that a full replete (=closed under isomorphisms) subcategory of a category is called reflective or coreflective if the embedding has a left or a right adjoint, respectively.
In this section we will consider such reflective and coreflective subcategories of finite k-varieties. These subcategories occur often in the semi-hereditary case (Proposition 5.2) and the following proposition show they preserve the properties we are interested in.
Assume now furthermore that mod a satisfies Serre duality. By Theorem 4.7, it suffices to show that every object of mod b has finite projective and finite injective dimension. Thus consider an M ∈ mod b and assume a projective resolution of a ⊗ b M is given by
Restricting this to b and using that (a ⊗ b −) b is equivalent to the identity functor on mod b, we find 0
has finite projective dimension. Analogously, one shows that every object in mod b has a finite resolution by standard injectives.
The following proposition gives some examples of reflective and/or coreflective subvarieties.
Proposition 5.2. Let a be a semi-hereditary finite k-variety.
(1) Let Z be a set of objects of mod a such that Z∈Z dim Z(A) < ∞ for all A ∈ Ob a and Proof.
(1) We start by defining the left adjoint i L : a → b. Let A 1 → A 2 be a map in a and consider the following commutative diagram with exact rows
Since the kernel, the Yoneda embedding, and the tensor product are functorial, it is easy to see that the correspondence from
It is readily checked that this functor is right adjoint to the embedding.
The left adjoint is defined in a dual way.
(2) For every object A ∈ Ob a, consider the canonical map
Since mod a is hereditary, the image im f A is a representable functor. Choose an object A ′ ∈ Ob a such that im f A ∼ = a(−, A ′ ). Let A → B be a map in a. The following commutative diagram 
which is not locally finite. Indeed the simple representation S X is not cofinitely presented. Again we conclude a is not a dualizing k-variety.
Threads
Let a be a semi-hereditary dualizing k-variety. Recall from Proposition 4.16 that every indecomposable object A ∈ Ob a admits a right almost split map A → M and a left almost split map N → A. Examples 5.4 and 5.5 show that most indecomposables lying in a convex subcategory should be -in some sense-nicely behaved. To make this rigorous, we introduce threads and thread objects.
Definition 6.1. If a is a semi-hereditary dualizing k-variety, an indecomposable object X ∈ ind a will be called a thread object if X has a unique direct predecessor and a unique direct successor, or equivalently, there is a right almost split map X → M and a left almost split map N → X where M and N are indecomposable. In this case, we will denote the representatives of M and N in ind a by X + and X − , respectively. For X, Y ∈ ind a, the subcategory [X, Y ] will be called a thread if every indecomposable object in [X, Y ] is a thread object in a. A thread is called maximal if it is not a proper subset of another thread. It is called infinite if it contains infinitely many nonisomorphic indecomposables.
An indecomposable object which is not a thread object is called a nonthread object.
Proposition 6.2. Let a be a semi-hereditary dualizing k-variety, and X, Y, Z ∈ ind a, then (1) supp a(X, −) * and supp a(−, X) have only finitely many nonthread objects.
Proof.
(1) It follows from Proposition 4.1 that a(−, X) is cofinitely presented. Since a is semihereditary, we see that supp a(−, X) has only finitely many nonthread objects. The other case is dual. (2) Write V = a(X, Y ) * and consider the canonical map a(−, Y ) ⊗ k V → a(X, −) * with image F ∈ mod a. We have the following short exact sequences
It is clear that every direct summand of A maps nonzero to Y . Furthermore, from the second short exact sequence we obtain dim F (X) = 1 so that dim V > 1 would imply dim a(X, A) = 0. Thus at least one indecomposable direct summand Proof. By Propositions 3.1 and 5.1 it suffices to show i has both a left and a right adjoint. Proposition 6.2 yields these threads are supported by disjoint subsets of ind a so that we may invoke Proposition 5.2, finishing the proof. Proof. For every two indecomposables A, B ∈ ind a, we will choose dim k Irr(A, B) linearly independent irreducible maps A → B. This gives a map f : Q 0 → Mor a, mapping the arrows in Q to the chosen irreducible maps in a. Let A, B ∈ ind a. Since every interval [A, B] is assumed to be finite and no object in a has nontrivial endomorphisms, every map A → B is a linear combination of compositions of chosen irreducible maps.
There is an obvious functor F : kQ → a which is fully faithful and essentially surjective.
The previous proposition does not hold without the assumption on the intervals [X, Y ]. However, in the case of dualizing k-varieties, these intervals are nicely behaved (Proposition 6.2) such that an analogue of Proposition 7.1 may be proven without any assumption on the intervals [X, Y ], by replacing the quiver Q by a thread quiver.
• With every thread arrow α, there is an associated linearly ordered set T α , possibly empty.
In drawing a thread quiver (cf. Figure 3) , standard arrows will be represented by • / / • , while thread arrows will be drawn as • / / • labeled by the corresponding ordered set T . If T = {1, 2, 3, . . . , n} with the normal ordering, then we will only write n as a label; if T = ∅, then no label will be written.
Every thread quiver Q has an underlying quiver where there is no distinction between the standard and the thread arrows, and where all arrows are unlabeled. To avoid confusion, we will refer to this underlying quiver by Q r .
Starting from a semi-hereditary dualizing k-variety, we will associate a thread quiver in the following way. Given a thread quiver Q, we will construct an associated semi-hereditary finite k-variety.
Construction 7.4. Let Q be a thread quiver with underlying strongly locally finite quiver Q r . With every thread t ∈ Q t , we denote by f t : k(· → ·) −→ kQ r the functor associated with the obvious embedding (· → ·) −→ Q r . We define the functor f :
With every thread t, there is an associated linearly ordered set T t . We will write L t = N · (T t → × Z) · −N and denote by g t : k(· → ·) −→ kL t a chosen fully faithful functor given by mapping the extremal points of · → · to the minimal and maximal objects of L, respectively. We will write g :
We define the category kQ as a 2-pushout in kAdCat of the following diagram.
Remark 7.5. The above 2-pushout does indeed exist since 2-colimits exist in the 2-category Cat and the functor k : Cat → kAdCat has a right adjoint (cf. §2.4).
Remark 7.6. Given a thread quiver Q, Construction 7.4 will define kQ only up to equivalence.
Example 7.7. Let Q be the thread quiver given by
Remark 7.8. Different thread quivers Q, Q ′ may give rise to equivalent categories kQ and kQ ′ as shown in the following example.
Example 7.9. The following three thread quivers give rise to equivalent categories.
are left and right adjoints for f , respectively. Similarly, the functors g t have left adjoints (denoted by g t L ) and right adjoints (denoted by g t R , giving rise to the functors g L , g R :
which are then left and right adjoints for g, respectively.
The functor g is fully faithful and its adjoints g L and g R are faithful. Note that f t will always be faithful, but in general not full. Its adjoints f t L and f t R are in general not full nor faithful. Example 7.11. The functor f t is not full when Q is given by the following thread quiver.
In what follows it will be convenient to assume the functors f t are fully faithful. For this we will use the following lemma. Proof. Define a thread quiver Q ′ by replacing all thread arrows x T / / y in the thread quiver
r are fully faithful, we need only to prove kQ ∼ = kQ ′ . We start by defining a 2-pushout
in kAdCat where the maps are given by the following descriptions. The functor f 1 t , for each thread
, is given as a faithful functor which maps b t and c t to x t and y t respectively, and a t and d t to the direct predecessor of x t and the direct successor of y t , respectively.
The functor g t 1 is a fully faithful functor given by
where 0 t and −0 t are the minimal and maximal element of L t respectively, 1 t is the direct successor of 0 t , and −1 t is the direct predecessor of −0 t . Define a functor
by mapping x t to a t , y t to d t , and the generator x t → y t to the composition a t → b t → c t → d t .
We also consider the natural embedding of categories F : kQ r −→ kQ ′ r . Consider the following diagram where we write A 2 and A 4 for (· → ·) and (· → · → · → ·) respectively.
where the outer diagram is a 2-pushout. It is readily verified that the upper square is also a 2-pushout. The 2-natural transformation given by i : kQ r → kQ and j : t∈Qt kL t → kQ induces a functor i ′ : kQ ′ r → kQ. Using the universal property, it is now straightforward to check that the lower square is also a 2-pushout. This shows that p ∼ = kQ.
To show that p ∼ = kQ ′ , consider the 2-pushout
by mapping x ′ t to b t , y ′ t to c t , and the generator x t → y t to the generator b t → c t . We also consider the natural embedding of categories G :
As before, one obtains a diagram
where the left square and the outer diagram are 2-pushouts. Using the universal property, one shows that the right square is also a 2-pushout. This shows that p ∼ = kQ ′ and thus kQ ∼ = kQ ′ .
Example 7.13. Let Q be the quiver of Example 7.11. The quiver Q ′ constructed in the proof of Lemma 7.12 is given by · / / · ( ( · / / 6 6 n n n n n n · Remark 7.14. Let thread quiver Q ′ will be strongly locally finite if and only if Q is. Proof. Since g is fully faithful and has a left and a right adjoint, Theorem A.1 shows the same properties hold for i.
Let s ∈ Q t be a thread such that f s : k(· → ·) −→ kQ r is fully faithful. We will construct the left adjoint of j s : kL s → kQ. First, consider the 2-pushouts
Using the universal property, it is straightforward to proof p ′ ∼ = kQ and that j s = i ′ • F s . Since both f s and (g t ) t =s are fully faithful and have a left and a right adjoint, Theorem A.1 yields that the same properties hold for F s and i ′ , and hence also for j s .
Although Construction 7.4 will not yield all (semi-hereditary) finite k-varieties, the following theorem says it is general enough to give all semi-hereditary dualizing k-varieties.
Composing with the functor Hom(−, k) : mod k → mod k, gives the diagram
Since kQ r and kL are dualizing k-varieties, we see that DM ∈ mod kQ
• . Likewise, one shows that the functor D : Mod lfd kQ
• → Mod lfd kQ restricts to D : mod kQ • → mod kQ, and hence induces a duality.
We have used the following lemma. 
]).
We are now ready to complete the classification of semi-hereditary dualizing k-varieties by thread quivers. Proof. It has been established in Proposition 7.16 that kQ is indeed a semi-hereditary dualizing k-variety, so that we need only to show every semi-hereditary dualizing k-variety arises in this way (up to equivalence).
Let a be a semi-hereditary dualizing k-variety and let Q be the corresponding thread quiver as in Construction 7.2. There are obvious embeddings i a : kQ r → kQ and j t,a : kL t → a which give a functor F : kQ → a as in the following diagram
Since the induced functor kQ r ⊕ kL → a is essentially surjective, so is the functor F . We will continue by showing F is also fully faithful by using the description of kQ given in §2.3.
Since i a ∼ = F • i and both i and i a are fully faithful, F induces a bijection kQ(iX, iY ) → a(F iX, F iY ).
Next, consider the embedding G t : kL ′ t → kL t as in the proof of Lemma 7.12, thus the only indecomposables of kL t which do not lie in kL ′ t are the minimal and maximal elements of L t . The essential image of j ′ t,a = j t,a • G t is a maximal thread in a. Moreover, j ′ t,a is faithful and Proposition 6.2 shows it is full as well.
As above we find that F induces a bijection kQ(
Following Corollary 6.5 and its dual, this suffices to show that F : kQ → a is indeed a fully faithful functor. We have shown that F is an equivalence.
Representations of thread quivers
Let Q be a thread quiver. We define the categories Rep k Q and rep k Q to be Mod kQ and mod kQ, respectively. We have the following result.
Theorem 8.1. Let A be a hereditary category with Serre duality, generated by projective objects. Then A ∼ = rep Q for a strongly locally finite thread quiver Q.
Proof. Let a be the category of projectives of A, thus a is a finite k-variety. Since a generates A, the fully faithful functor mod a → A is an equivalence. By definition a is semi-hereditary and Theorem 4.7 yields that a is a dualizing k-variety. The result now follows from Theorem 7.18.
With a thread quiver Q, there is thus an associated 2-functor a : Free(· ← · → ·) −→ kAdCat given by
The category Rep k Q is equivalent to Hom 2F (a, Mod k). Thus the objects of the category Rep k Q are given by
for every thread t, an object L t (−) : L t → Mod k of Mod kL t , and (3) a natural equivalence α :
The morphisms are given by the modifications, thus given the data (N, {L t } t , α) and (N ′ , {L ′ t } t , α ′ ) of two representations, a morphism is given by
As in the proof of Proposition 7.16, the category rep k Q has a similar description obtained by requiring N and L t to be finitely presented representations. The category rep k Q will be abelian and hereditary. When Q is a strongly locally finite quiver, then rep k Q has Serre duality.
Note that even when mod kQ r and mod (⊕ t∈Qt kL t ) are well-understood, the last commutative diagram that is required can make the category rep k Q contain a wild hereditary category.
Example 8.2. The category of finitely generated representations of the thread quiver
contains the representations of a wild quiver as a full and exact subcategory.
-Pushouts
Let I be the 1-category Free(2 s ← 1 t → 3) and a : I → kAdCat a 2-functor. The 2-colimit of a is called a 2-pushout.
To specify a 2-natural transformation from a to C ∈ kAdCat, one needs three functors (f i :
Up to invertible modification, we may assume f 1 = f 2 • a(s) such that it suffices to give only the functors f 2 and f 3 , and a natural equivalence f 2 • a(s)
The following theorem shows a connection between 2-pushouts and adjoints. Proof. Consider the first diagram in Figure 4 , where the natural transformation is given by
and where ǫ g : g L • g ⇒ 1 is the counit of the adjunction (g L , g). We can complete this diagram as shown in Figure 4 . This gives the following identity
We claim i L : p → b is a left adjoint to i. To prove this, we shall define a unit η : Figure 4 . For the definition of η, consider the diagrams in Figure 5 , where the natural transformations on the right-hand side are given by
There is a modification, going from the 2-natural transformation on the left-hand side of Figure 5 to the one on the right-hand side, given by 
Likewise, there is a modification Ω (going from the 2-natural transformation on the left hand side of Figure 7 to the 2-natural transformation on the right hand side) given by
which induces the following commutative diagrams
We claim that Ω • Λ = 1. The only nontrivial fact to check is that Ω • Λ induces the identity on i L • j : t kL t → p. This follows from
where we have used equations (1) and (4) . Since Ω • Λ = 1, we find that (ǫ • 1) • (1 • η) = 1 and hence we may conclude that i L is indeed left adjoint to i. Since ǫ is invertible, the functor i is fully faithful. 
